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One-dimensional flow of an ionized gas through
a magnetic field

By R. M. PATRICK AaNnD T. R. BROGAN
AVCO Research Laboratory, Everett, Massachusetts

(Received 11 July 1958)

As a primary step towards understanding the flow of a partially ionized gas in
a magnetic field, we have studied both theoretically and experimentally the
problem in which the gas flow is one-dimensional. This simplification permits a
detailed calculation of the flow field and a quantitative comparison of the theory
with observations made in a shock tube.

An ionized gas is composed of three species: electrons, ions and neutral
particles. To take complete account of all the phenomena occurring when the
high-velocity gas interacts with the magnetic field, the motion of all three species
must be considered. When this is done, it is found that the electrical conductivity
of the gas is a tensor dependent on both the magnitude and geometry of the
magnetic field. However, when the collision frequency for the electrons is greater
than their cyclotron frequency in a magnetic field, the gas may be treated as
a continuum with a scalar conductivity. For such gas states, all of the observed
effects for two experimental geometries in which the gas current forms closed
loops in the magnetic field can be explained with a simple theory. The interaction
produces a flow completely analogous to pipe flow with friction and no heat
transfer, where the wall friction force is replaced by the magnetic body force which
can choke the flow if the body forces are larger than a certain minimum value.

Using the same experimental geometries, the gas state is then adjusted so
that the electrical conductivity is a tensor. Outstanding among the observed
effects are ion slip, where the ions and neutrals travel through the field at different
velocities, and Hall currents, generated by the drift of the charged particles across
magnetic field lines. The observed effects again agree with the predicted values.

Introduction

This paper reports the results of a study of the one-dimensional flow of partially
ionized argon through a magnetic field. The ionized argon is produced using the
shock-tube technique described by Resler, Lin & Kantrowitz (1952). Argon was,
chosen as a working fluid for two reasons. First, its properties at high temperature
have been studied extensively in work by Resler et al. (1952), Lin, Resler &
Kantrowitz (1955), Petschek, Rose, Glick, Kane & Kantrowitz (1955) and
Petschek & Byron (1957). Second, the electrical conductivity which can be
produced by strong shock waves in a shock tube is large (up to 10*mho/m) in
comparison with other gases. This latter property permits appreciable inter-
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actions between the moving gas and a magnetic field in dimensions appropriate
to a shock-tube experiment.

In the experiments reported here, the gas has a component of velocity per-
pendicular to an externally applied magnetic field. This motion induces an
electromotive force which in turn generates currents in the gas. The magnetic
fields due to these induced currents are small compared to the applied fields, i.e.
the magnetic Reynolds number R, is much less than unity. Here, R, = y,0vl,
where o is the electrical conductivity of the gas, v the gas velocity perpendicular
to the field, x4, the permittivity of free space and I the characteristic length of the
interaction.

The energy transfer between the moving gas and the surroundings is negligible
for these experiments. This implies that the gas currents form closed loops, with
no part of their circuit external to the gas. The experimental geometries will be
arranged so that the gas currents flow in a nearly uniform magnetic field and the
current density j in the gas is given by j = ovB, where B is the strength of the
applied magnetic field.

If the Mach number M, of a shock wave and the initial pressure p, of the gas
through which it is propagating are known, all the gas properties behind the shock
are determined. Throughout this paper, these two parameters will be used to
specify the gas conditions at the entrance to the magnetic field.

The experiments were carried out in two shock-tube geometries which will be
called respectively the annular experiment and the end experiment. In the
annular experiment, the channel area is constant. For the end experiment the
channel area varies linearly in the flow direction, but the magnetic field is more
uniform than in the annular experiment, and steady flow persists for a longer
time. Also, the end experiment covers a larger range of variation of the experi-
mental parameters than the annular experiment.

The electrical conductivity of a gas is influenced by a magnetic field. The con-
ductivity at low field strength is a scalar quantity. For argon, the limiting con-
ductivity at zero magnetic field was measured by Lin et al. (1955). As the
magnetic field strength is increased, the conductivity becomes a tensor dependent
on both the magnitude and geometry of the applied field. These latter effects have
been considered by Schluter (1950, 1951). A measure of the extent to which the
magnetic field influences the gas conductivity is given by the magnitude of the
parameter w,7,, where w, is the cyclotron frequency of an electron in a magnetic
field with strength B, and 7, is the average time between collisions for an electron.
As w,7, approaches unity, the magnetic field begins to affect the gas conductivity
in a significant manner,

For all of the conditions with which this paper is concerned, the flow Mach
number of the gas entering the field exceeds unity. Therefore, the most important
force exerted by the gas is its dynamic pressure pv?, where p is the gas density.
To influence the motion of the gas in an important way, the force due to the
interaction of the gas with the magnetic field must be of the order of the dynamic
pressure. The precise conditions needed to produce such a situation are discussed
in §II of this paper. To obtain a good estimate of the effects to be expected, we
note that the gas current j = ovB interacting with the applied field B produces
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abody force F = owB2. If now theinteraction extends over alength /, the pressure
difference across the interaction region is Ap = FI = ovB?l. The extent to which
the interaction has disturbed the flow is given by the ratio Ap/}pv?. For an
appreciable interaction, we have

oB’l

o T
When the above condition is satisfied in the experiments, the supersonic flow
entering the magnetic field is decelerated enough to cause choking and the
formation of standing shock waves in the magnetic field.
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Ficure 1. The density in atmospheres vs the temperature obtained in the experiments
at the upstream end of the magnetic field.

Figure 1 shows the gas conditions at the upstream end of the magnetic field for
both the experiments to be described in the next section. In the annular experi-
ment, the initial pressure p, was held constant at 1 mm of mercury, so that the
single line at the lower right corner of the figure gives the initial conditions for this
experiment. Several different initial pressures were used for the end experiment.
The resulting conditions are represented by the shaded area. On the line running
from top left to lower right corners, w,7, = 1; the magnetic field B used to calcu-
late w, is such that the interaction pressure equals the dynamic pressure of the
moving gas with I = 1em. To the left of this line, the electrical conductivity of
the gas is affected to a large extent by the magnetic field; to the right, it is largely
unaffected.

In the next section, the experiments, technique and measurements are
described. The final section is a development of the theory necessary to explain
the experimental results.
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I. DESCRIPTION OF EXPERIMENTS
1. Annular experiment

The first of two experiments designed to study the flow of an ionized gas in a
magnetic field is designated as the annular experiment. An overall sketch of the
experimental arrangement is shown in figure 2. The shock tube is divided into two
parts; that part to the left of the diaphragm contains argon at room temperature
and at a pressure p, of 1 mm; that part to the right of the diaphragm (the driver)
is filled with a combustible mixture at high pressure. When the mixture is burned,
the pressure rises in the driver breaking the diaphragm and sending a strong
shock wave to the left through the low-pressure argon. The gas behind this shock
is heated, compressed and ionized.

Flux Coil .
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Glass wall Driver
To dump \ ’ rive!
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Figure 2. Schematic drawing of the shock-magnetic-field experiment.

After propagating through a 10ft. section of steel tubing 1-5in. in diameter,
the shock enters a Pyrex tube of the same diameter. A slit is placed along the axis
of this Pyrex tube, the slit being imaged in a high-speed, air-driven, rotating
drum camera. The light emitted by the gas behind the shock is recorded on the
film. A sample drum-camera photograph is shown in figure 3 (plate 1). The
distance along the tube is the abscissa, while time is the ordinate. The horizontal
lines are still pictures of the slit; the illuminated region is the image of the shock
traversing the tube. The combination of the camera speed, plus the necessary
geometrical factors, permits a precise determination of the shock speed and hence
of all the gas properties behind the shock.

After passing through some 4 ft. of Pyrex tube, the shock finally arrives at the
test region. Here, a cylindrical non-conducting tube of 1}in. outside diameter
has been placed inside the 1}in. diameter Pyrex tube, forming an annulus % in.
thick between the two tubes (figure 4). The upstream edge of the inner tube is
machined so that the shock wave enters the annular region without disturbance.
The gas inside the inner tube is discarded.

A coil and a copper shield of }in. thickness are placed around the annulus
(figure 2). The separation between the coil and shield is § in. The coil is connected
to a 200 uF condenser through an air-spark switch timed to close (by a signal
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from a photomultiplier upstream from the annulus) so that the current in the coil
is & maximum when the shock reaches the shield. Since the coil, shield and
condenser have a resonant frequency of only 1200 ¢/s, the magnetic field produced
by the condenser discharge may be considered to be steady over a test time of
some 20 us.

The copper shield is several skin depths thick at the discharge frequency, so that
no magnetic field penetrates through it. The radial component of the magnetic
field in the annular region between the coil and shield is thus increased to about
double the value it would have without the shield, while the axial field is reduced.
The measured radial strength of the magnetic field varies about 209, over the
region of the annulus between the coil and shield. This non-uniformity, plus the
presence of an axial field, can be important under some conditions which will be
discussed shortly. Magnetic fields with a radial component as large as 6000 G are
produced in the annulus between the coil and shield.
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Ficure 4. Schematic drawing of annular experiment showing co-ordinate system with
direction of velocity, applied magnetic field and induced electric field.

As the gas behind the shock enters the magnetic field, the interaction of the
gas velocity u with the radial magnetic field B induces an electric current of
magnitude «.B around the annulus (figure 4), causing a current to flow in the con-
ducting gas. The current density j is equal to ou.B, where o is the gas conductivity.
Note that no part of the current path is external to the gas, and that the current
loops close in a constant magnetic field. The current j flowing across the magnetie
field produces a body force of magnitude ou.B? in a direction opposite to the gas
velocity.

If the argon pressure before passage of the shock is 1 mm of mercury, the
ionized gas behind the shock flows through the interaction region for about
20 us. The time required for a sound wave in the hot gas to traverse the interaction
region is about 3 48, much less than the flow time. Due to this difference between
flow time and time for a sound wave to traverse the interaction zone, it is
reasonable to assume that steady flow is established through the magnetic field.

We have described previously how a high-speed drum camera is used to deter-
mine the shock velocity. A high-speed rotating mirror camera used in the same
way produces an enlarged (z, t)-diagram for the gas in the vicinity of the inter-
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action zone. Such a photograph for a typical run is shown in figure 5 (plate 2),
along with an explanatory diagram. Again, the abscissa is the distance along the
shock tube, while the ordinate is time. The hot gas behind the moving shock has
an actual flow Mach number of about 2. It enters the interaction zone between
the shield and coil from the left. The shock velocity is again given by the slope
of the lower boundary of the illuminated region in figure 5. The body force,
ouB?, causes the gas to decelerate in the interaction zone. A supersonic flow
cannot be continuously decelerated through Mach number 1. Thus, if the magnetic
field is sufficiently strong a shock wave will form in the interaction zone as shown
in figure 5.

Because of the deceleration in the magnetic field, the shock propagating down-
stream from the interaction zone will travel at a lower velocity than the initial
shock. As a measure of the degree of interaction with the magnetic field the
difference in stagnation pressures, p, — p,,, behind the initial and transmitted
shocks may be compared to the computed pressure loss through the interaction
zone. The change in stagnation pressure can be determined directly from the
difference between the initial and transmitted shock velocities. The calculation
is carried out in § I of this paper. Unfortunately, due to the small aperture of the
rotating mirror camera used in this experiment, a visual record of the interaction
could be obtained for only a small range of conditions of the gas behind the initial
shock (16 < M; < 18). However, for this small range it was found that the loss in
stagnation pressure across the magnetic field, as determined from the rotating
mirror camera photographs, agreed with the predicted loss to within 30 9, as will
be described in §11.

To study how the strength and geometry of the magnetic field influence the gas
conductivity, the current in the gas was measured by a pick-up coil placed around
the Pyrex tube forming the annulus. This coil was calibrated by measuring the
pick-up due to a known high-frequency electric current in the interaction zone.
This calibration current is produced by placing a coil in the interaction zone and
exciting it with a signal generator. The gas current was measured over a large
range of initial shock Mach numbers at a pressure of 1 mm. It was found that the
electrical conductivity of the gas is drastically affected by the magnetic field (but
not for those initial conditions for which rotating mirror photography was
possible). These measurements will be discussed further in §2.

2. End experiment

The annular experiment suffers from three disadvantages: first, the non-
uniformity of the magnetic field and its strong component in the flow direction;
secondly, the relatively short testing time; and thirdly, the limited range of
variation of the experimental parameters. These disadvantages offset the inherent
simplicity of a constant area flow. Therefore, a second experiment which elimi-
nates these difficulties has been performed.

For the end experiment, a diagram of which is shown in figure 6, the argon
shock wave is reflected from the end of the 1% in. diameter shock tube. Gas from
Region 3 (see figure 6) then flows radially outward through the end section; the
channel area increases proportional to the radius. Since the gas pressure behind
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the reflected shock is several hundred times the pressure before the arrival of the
shock, the point indicated by % on figure 6 is a sonic point, as it is the point of
minimum channel area. Beyond this point, the flow with no magnetic field is
supersonic and the Mach number increases as we go outwards from the tube axis.
The gas properties in the stagnation chamber, Region 3, are not affected by the
flow beyond the sonic point, so that the radial mass flow is constant regardless of
any gas-magnetic field interaction. This flow remains steady for times as long as
100 us. The radial shock wave which precedes the gas flow eventually reflects back
in towards the tube axis, but arrives in the test region too late to be of any

consequence.
X
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Froure 6. Schematic drawing of end experiment showing a side cross-section
and end view.

Slit

The flow properties at the entrance of the magnetic field, Region 4, are deter-
mined by computing the properties of the gas in Regions 2 and 3, following the
method outlined by Resler (1952), and matching the flow through the minimum
area denoted by % on figure 6. The condition for this match is the continuity
equation pyu; A, = p*u*A*, where A* is the channel area at the sonic point.

The flow conditions in Region 4 without an applied magnetic field were com-
puted by using the conventional methods of one-dimensional isentropic channel
flow. These flow calculations were checked by measuring the light emitted from
the radial slit (figure 6). In these experiments argon was used as the working
gas. The light emitted by highly ionized argon is due mainly to an electron-
ion recombination continuum described by Petschek et al. (1955). Its intensity
distribution in the visible region is given by

2

I,=K %,
where K is a constant, v the frequency, N, the number density of electrons, 7’ the
temperature and I, is the radiation per cubic centimetre per unit frequency
interval. The measured light intensities check the one-dimensional flow calcu-
lations within the experimental error of the light intensity measurements (20 9%,).
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When the magnetic field is present in Region 4 (figure 6}, the gas flows radially
outward through the field produced by the two coils and copper shields. The coil
is connected to a 200 #F condenser through an air spark switch which is timed to
close so that the current in the coils is a maximum during the experiment. The
discharge frequency is 1-1 ke/s, the copper shields are several skin depths thick at
this frequency, so that little magnetic field penetrates through the shields. In
figure 7, the z-component of the magnetic field is plotted »s distance from the
shock-tube axis. The radial component of the field is never greater than 4 9, of the
maximum axial field. The difference between this geometry and that of the
annular experiment, where there is a strong field component in the flow direction,
is important when the effect of magnetic field on gas conductivity is considered.
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Figure 7. The magnetic field distribution in Region 4 as a function of
radial distance.

The radial gas velocity v crossing the magnetic field Binduces an electric field as
shown in figure 6. This field closes in the gas, causing a current of magnitude ou.B,
and a body force directed towards the axis of the tube. The effect is to decelerate
the gas, but this effect is competing with the increasing channel area which tends
to accelerate the gas. For strong fields, the gas is decelerated, again producing
shock waves in the interaction zone between the coils and shields.

A slit is installed radially outward from the tube axis as shown in figure 6, and
the rotating mirror camera is again used to study the interaction of the gas flow
with the magnetic field. A typical mirror-camera photograph, along with an
explanatory diagram, is shown in figure 8 (plate 3). The exposed region on the left
is the interaction zone. The distinct vertical line dividing two regions of different
light intensity in this interaction zoneis a shock wave produced by the interaction
between the flow and field. The radial position of the shock changes during the
test time, since the magnetic field varies slightly in a period of 100 4s. However,
the field variation is so slow that the flow may be assumed to be steady at any
given time. The dark region is the location of the coil. The shock reflecting radially
is shown on the right. It is seen that this shock never reaches the interaction zone.
Figure 9 (plate 3) is a mirror-camera photograph for the case of a very strong
field; in this case, the shock wave is actually reflected by the magnetic field.
Steady flow is not possible at these large field strengths.
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Due to the high gas density and strong magnetic field obtainable with the end
experiment, the gas-field interaction could be studied with the mirror camera
over a large range of initial gas conditions (see figure 1). The photographic study
could be extended to the region where the gas conductivity is affected by the
magnetic field.

The electric current in the gas is measured by a pick-up coil in a manner identical
to that in the annular experiment. These gas-current measurements are discussed
in §1I.

Figure 10 (plate 4) is a photograph of the apparatus for the end experiment.
The shock tube is the long pipe entering the picture from the right. The radial
flow is established in the large end cap on the tube; this cap also contains the coils
and shields. The high-speed, air-driven, rotating-mirror camera is on the extreme
right. It has a maximum aperture of £3-5, and a maximum writing speed of
0-5 cm/us. Various photomultipliers and optical equipment used in the study of
the gas properties are also shown.

In the following section, the experimental observations will be compared with
a simple theory of one-dimensional gas flow in a magnetic field.

II. THEORETICAL DESCRIPTION OF THE EXPERIMENTAL RESULTS
1. Mach-number variation
The equation for the Mach number M, as a function of the ratio of heat capacities
v, channel area 4, and body forces X is given by Shapiro & Hawthorne (1947) for
steady, one-dimensional flow without friction or heat transfer
M _ 201+3(y—1) MHdA 2y MH1+4(y—1) M2 dX .
Mz 1— M2 A (1— M?) po? . (1)
where vis the magnitude of the gas velocity vand pis the gas density. Equation (1)
applies to both experimental geometries described in the previous section where
the current loops close in the gas. The electric current in the gas can be written

j=0o(vxB), (2)

where j is the gas current-density vector, B the magnetic field and o the effective
gas conductivity.

In this analysis, displacement currents are neglected. Also, the net charge
density is assumed to be zero, since at the gas densities used in the experiments
the Debye shielding distance is small compared to both the mean free path and
the appropriate gyro radius. We may regard equation (2) as defining an effective
conductivity o for currents in the (v x B)-direction. The effective conductivity
depends not only on the temperature and density of the gas for all the experi-
mental conditions, but in some cases depends also upon the magnetic field
strength and field geometry.

The component of the magnetic field perpendicular to the gas velocity alone
contributes to the current density. The body force per unit volume is j x B, and
its component X parallel to the flow direction is

X =ovB?

perp’
where B¢, is the component of B perpendicular to the flow direction.
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With the above definition of the effective gas conductivity, one may write the
equation for the change in M (equation (1)) as follows:

A _ 21+4y—1) MB(d4_yMeB* 5
7 1_II° A~ ped ¥ 3)

where z is the co-ordinate parallel to v.

Equation (3) expresses the change in M in terms of the channel area 4, and the
ratio of magnetohydrodynamic body force to gas momentum, oB24 dx/pvA. The
analysis will be divided into two parts. The first part deals with the annular
experiment where there is no area change and hence d4 = 0 in (3). The second
part deals with the end experiment where the complete equation is integrated to
describe the experimental results.

2. Constant area flow (annular experiment)
For the case of constant area, (3) simplifies to

(1— M?) d M2

S =
¢ 2y M1+ §(y—1) M3’ )

where § is a non-dimensional interaction variable defined by 8 = ¢ B%z/p,v, and
Po%, is the mass flow per unit area. Equation (4) describes the variation of M with
distance in the flow direction. M decreases with distance for supersonic flow and
increases for subsonic flow. The effect of the interaction is to produce a situation
completely analogous to pipe flow with friction and no heat transfer. The state of
the gas is described by a Fanno line. If the ‘pipe’ is long enough, M at the exit
will be unity, i.e. the flow chokes.

To find the value § = 8, at which the flow chokes, we integrate (4) from
M = M,to M = 1, and assume no shock waves between the limits of integration.
The result is

1 [{y+1 2 (1 y-—1 Mg~1]
om0 )il ) Sl @

Here 8, is the minimum value of § which will choke the low with an initial Mach
number M, (o is taken to be constant, an approximation accurate to within 20 9,
for the annular experiment). The function §; is plotted against M, on figure 11
fory = 1-13, which is representative of argon under the experimental conditions.

Using the values of electrical conductivity measured by Lin et al. (1955), the
experimental arrangement gave §_ .. = 0-5 (8, corresponds to x =1, the
length of the interaction region). The conditions behind strong shock waves in
argon are such that the Mach number at the entrance of the field region is
approximately equal to 2 for the experimental conditions in the annular experi-
ment (Resler ef al. 1952). Since 8, = 0-5, and M upstream is equal to 2, S, is
greater than that value S, necessary to cause M at the exit of the field to be equal
to unity (figure 11). Therefore, a shock forms in the interaction region which
makes the flow subsonic downstream from it. The flow then accelerates to
M =1 at the exit of the field. The variation of M in the field region is shown in

figure 12.
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Furthermore, it is evident by continuity that the gas properties at the exit of
the field are independent of the shock position in the field for S, > S,, and less
than that value of S, which causes a standing shock at the entrance of the field.
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Ficure 11. Interaction length necessary to change the Mach number M to unity,
expressed as a function of the Mach number.
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Figure 12. Change in Mach number in the field region as a function of distance in the
stream direction.

The loss in stagnation pressure p, for Sy, > S, is easily computed using the
relationships given by Shapiro & Hawthorne (1947):

2
Py _ M Gy was. (6)

y Po ¥
Substituting for dS from (4), we have

(2~ 1)

d(logpy) = M2{2+(7—-1)M2}dM2' (7)
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Since the shock position does not influence the exit conditions, we integrate
equation (7) between M = M, and M = 1 to obtain

Po, _ L [{_ 2 y—1 . \]Hor+o-D
Do, My [(7+ 1) (1+ 5 M : (8)

The exit conditions, Region 2 of figure 5 (plate 2), are now completely determined.

The gas pressure and velocity must match across the entropy line dividing the
gas which has passed through the field, Region 3 in figure 5 (plate 2), from the gas
behind the transmitted shock Region 4. Using the theoretical exit properties as
initial values for an unsteady expansion downstream of the field region, the gas
properties behind the transmitted shock were computed. The match is carried
out far enough downstream so that the expansion is essentially complete. The
predicted velocity of the transmitted shock was compared to the experimental
value measured on the mirror camera photographs described in §I (see figure 5).
It was possible over the small range of the experiments to predict the difference
between the initial and transmitted shock velocities to within 159%,: in other
words, the change in stagnation pressure across the interaction could be pre-
dicted to within 30 9%,.

3. Channel flow with varying area (end experiment)

The particular case of steady, one-dimensional flow considered here is that case
where the cross-sectional area 4 is directly proportional to the co-ordinate x in the
flow direction. For this case, equation (3) becomes

dM _ 20143y} do | 2y M1+ 3y — 1) M) [27r0'B2

x
M2 1-M2 x 1-M2 prA ]dx. ()

The flow properties in the magnetic field, Region 4 of figure 6, were computed
using this equation. Up to the entrance of Region 4, the flow properties were
determined by using only the first term on the right-hand side of (9).

Solutions of (9) were obtained using initial conditions corresponding to several
values of M, and p,. A particular set of solutions for M, = 10 and p, = 5mm are
presented in figure 13 for various values of the maximum magnetic field strength.
The values of B/B_,,. as a function of x are taken from figure 7. Values of o were
computed for conditions at the entrance to Region 4, i.e. M = 1-1. Then, in
Region 4, o was taken to be proportional to 7%, where 7' is the gas temperature
(Lin et al. 1955). Values of y were computed from the thermodynamic functions
for argon, and these values were then used in the numerical solution of (9). For
the calculations, it is assumed that the gas is always in thermodynamic
equilibrium.

The upper curves of figure 13 are straightforward solutions of (9) in the super-
sonic regime. The same initial conditions were used for each value of B, since the
first term on the right-hand side of (9)is large compared to the second term at the
upstream end of the field region. The lower curves (subsonic regime) were com-
puted by integrating from large values of x to small values, using an initial
M = 0-99. The initial point was determined by computing d M2/dx from (9) and

finding the largest value of « where this quantity is positive. For a given B, _,



Flow of an ionized gas through a magnetic field 301

this point was taken to be the value of « beyond which the magnetic field would
not affect the flow, since the magnitude of B%(x) decreases rapidly with increasing
« (figure 7). The vertical lines on figure 13 represent shock waves in the flow

obtained by matching the supersonic and subsonic curves for each value of
B ox:
The physical argument for this procedure is as follows. At the entrance of the
field region M is greater than unity (figure 13). Entering the field, the value of
M at first increases due to the increasing area. The value of M decreases when the
second term on the right-hand side of equation (9) dominates, i.e. the magnetic

body forces have a greater effect than the area change. For the conditions of figure
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Figure 13. The solutions of equation (5) in Region 4, showing the shock waves
connecting the supersonic and subsonic regimes.

13, a maximum field strength of 9000 G causes the value of M to decrease almost
to unity at the exit of the field. Beyond the field region, 4 increases. For higher
values of B, M decreases more rapidly in the supersonic regime, but cannot
decrease continuously through unity as this would correspond to a decrease in
entropy. Since the low downstream from the field region is supersonic, and since
the area increases continuously, the minimum value of M at the exit of the field
is unity. When the second term in (9) is large (B, > 9000 ), this corresponds
to M increasing towards unity from a subsonic value in the field. Hence, for
sufficiently high values of B, ., the flow at the exit of the field will always be such
that M isequal to unityif the flow downstream is supersonic. For still larger values
of B, no shock matching condition can be made between the subsonic and
supersonic curves in Region 4. An unsteady shock will then be produced which
propagates upstream. An example of this situation was shownin figure 9 (plate 3).
The flow behind this unsteady shock expands smoothly so as to lead to Mach
number unity at the exit of the field.
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The shock location was measured from several mirror-camera pictures for
experimental conditions that correspond to the theoretical results given in
figure 13. These experimental results are plotted in figure 14 along with the
computed shock location as a function of B,,,,. For the field strengths involved
(of the order of 10*G) the electrons in the ionized gas do not make a complete
gyro orbit between collisions. The theory using a scalar conductivity, which is
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Shock position in % of field region thickness

Fioure 14. The theoretical and experimentally determined shock locations for M; = 10,
p, = 5 mm in the shock tube for various field strengths in Region 4. —, theoretical shock
position for M; = 10; p; = 5/760 atm. Note. Each type of symbol corresponds to one
mirror-camera picture.

a function only of the state of the gas, agrees with the experimental results. Data
was taken over the range 9 < M; < 11 and 2 < p; < 10mm. These results also
agree with the theoretical predictions with errors of the same order as in
figure 14.

For conditions with p; < 2mm and M, < 11 (figure 1), the field strengths
necessary to cause a shock to form in the field are such that the electrons make
a complete gyro orbit between colligions.

4. Non-Scalar Conductivity (v,7, > 1)

In the presence of a magnetic field, there are two conditions that cause the
effective conductivity o in equation (2) to be less than the scalar value (Schluter
1950, 1951). The first condition is that the electrons can make a complete gyro
orbit between collisions, that is w,7, > 1. This gives rise to an electromotive force
(the Hall potential) in the (j x B)-direction which, if a path is provided, may
cause an electric current (the Hall current) to flow in this direction. If the condi-
tions are such that the Hall current can flow unimpeded, the conductivity is
reduced as follows:

Ty

7T i ) o

where o, is the conductivity in the absence of a magnetic field.
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The second condition is the effect of the relative difference between the ion
velocity with respect to the magnetic field and the velocity of the neutral particles
with respect to that field. This gives rise to a decreased conductivity

O
=3, 5
l1+w, 7,07y

(11)

where w; is the appropriate cyclotron frequency for ions, and 7; is the mean free
time for ion-neutral collisions. The above expression assumes that the Hall
current is zero. A brief discussion of these two effects is given in the Appendix.

If the magnetic field has a large component along the flow direction, as in the
annular experiment, one would expect to find that equation (10) describes the
gas conductivity since the electrons will tend to flow along field lines. If, agin the
end experiment, the component of the field in the flow direction is small, one
would expect that equation (11) would describe the behaviour of the conductivity.

1o ®

08 @®

061

jlovB

04

] 1 ! i 1
0 02 04 06 08 1-0
{1+ (w,7,)%}
Figure 15. The current j measured in the annular geometry divided by ocwB, the current
if the effective conductivity is scalar, vs the factor, 1/{1 + (w,7,)?}.

Annular experiment. The results of the gas-current measurements for the
annular experiment are shown in figure 15. The ratios of the measured gas current
density j to oyvB are plotted vs 1/{1 + (w,7,)?*}. The variation in v, corresponds
to a variation in M, at p; = 1 mm. The points are close to the theoretical value
predicted by using equation (10) for the gas conductivity. The magnitude of the
gas currents indicates that Hall currents can flow along field lines when these lines
have an appreciable component parallel to the flow direction.

End experiment. A plot of the shock location as a function of M is given in
figure 16 for p, = 1 mm. The solid curve represents the theoretical shock locations
found in the same manner as for figure 13 and with scalar conductivity propor-

tional to 7'%. The computed curve and the experiments are for B, = 5000G.
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The dashed curve represents the theoretical shock positions using (11) for o,
which takes ion slip into account. The measured shock locations (circles) indicate
that ion slip becomes important under these conditions. The effect of the magnetic
field on the gas conductivity was computed using an average for B and an average
ion density. This use of average quantities may account for some of the discre-
pancies between the calculated and measured shock positions. Further, there
is an uncertainty in the measured shock position at this low gas density which is
equal to approximately 20 9%, of the field region length.
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& ~<ﬁd—uctivxty from equation (11)
o 50
e ° ~ \
o ™~
= 40 - -
a2 Computed values o S~
g (scalar conductivity)_\ i
= 30 — [#] fo) —
820
i
(9]
[=]
<
“ 10
0
90 95 100 105 110

Initial Mach number in shock tube

Ficure 16. The theoretical and experimental shock locations in Region 4 for a constant
magnetic field strength, showing one curve which was computed using a scalar conductivity
and one which used equation (11) for the conductivity in equation (9).

For conditions such that w,7, > 1, the measured gas currents are plotted in
figure 17. The three curves in this figure represent the total gas current computed
by evaluating the integral

1= 2tfo‘dex (12)

through the field region from shield to coil; 2¢ is the channel thickness. For
o = 0, the values of o, v and B in the integral were obtained from the data used
to compute the shock locations. The other two curves were obtained by using the
value of o given by (10) and (11). From the results plotted in figure 17, it appears
that there is no current in the flow direction, i.e. no Hall current, when M, > 9 at
p = 1 mm. The measured currents do agree with the values to be expected using
(11) for o. This indicates again that the predominant effect is ion slip, i.e. the
difference in velocity between ions and neutral particles.

If no currents can flow in a direction perpendicular to v x B, then a potential
w,T,(v; x B) will exist in the flow direction, where v; is the ion velocity. This was
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Ficure 8 (plate 3). A mirror-camera photograph of the light emitted from the slit on the
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Ficure 9 (plate 3). A mirror-camera photograph of the end-cap slit showing a reflected
shock produced by a magnetic field in Region 4.
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Fraure 10 (plate 4). An overall photograph of the experimental arrangement, showing the
shock tube, end experiment, photomultipliers, mirror camera, and some of the additional
instruments.
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shown by Schluter (1951). In order to estimate whether or not there could be
a current in the flow direction capable of causing the effective conductivity to
fall below the value given in equation (11), one must consider the possibility of
current loops in the flow direction which close in the boundary layer. This effect
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Ficure 17. The solutions of equation (8) for various values of o, the conductivity, together
with measured values of the gas current I plotted as a function of the initial Mach number
in the shock tube, M, for p;, = 1 mm and for various values of Bpq.

is estimated in the Appendix where we show that the current in the (v x B)-
direction, J,, is given by

(. Ol (1+u? 1
A b o A
Ty ¢ + Wep +we
1+"_01_9§(1+“;5) ’
oy t\14+wip

J, = oyvr Bt

(13)

where 2¢is the thickness of the inviscid flowregion, d the thicknessof theboundary
layer, o5 the boundary-layer conductivity with no magnetic field, w, = w, 7, for
the inviseid region, and w,; = w,7, in the boundary layer.

If no effect due to electrons rotating about field lines is present,

I= 2tfcrosz dex.
20 Fluid Mech. 5
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The data on figure 17 indicate that there might be an important effect due to
electrons rotating about field lines for values of M, below 9. When conditions at
the entrance of the field region correspond to values of M, between 8 and 9, the
maximum displacement thickness for the boundary layer in Region 4 of figure 6
i8 less than one-tenth the inviscid flow thickness. The maximum possible change
in I for a given value of § would occurif oy = oyand w,z = 0. With the boundary-
layer thickness encountered under the flow conditions of figure 17, this maxi-
mum change in J is less than 10 %,. Therefore, we conclude that the presence of
Hall currents closing in the boundary layer does not explain the low value of I for
M, < 9.

In all of the calculations, we have tacitly assumed that the gas is in thermo-
dynamic equilibrium. The time for the gas to reach equilibrium can be estimated
using a method outlined by Petschek & Byron (1957). Applying this method to
calculate the time for the gas to reach equilibrium behind the reflected shock,
Region 3 of figure 6, we find that in the available test time the gas in Region 3
does not reach equilibrium for M, < 9. The lack of equilibrium with M; < 9
probably accounts for the discrepancy between the measured values of I and
those predicted by using equation (11) for the conductivity.

Conclusions

From the results of experiments described in this report one may make the
following conclusions.

1. One-dimensional iso-energetic, steady flow of a compressible fluid in a
magnetic field with no heat transfer or friction may be described by a theory
which takes into account the area change of the channel and the magnetic body
forces.

2. The effect of a steady magnetic field on one-dimensional iso-energetic gas
flow is similar to friction due to viscosity and with sufficient field strengths will
produce choking.

3. The maximum effect of a magnetic field is to cause the Mach number at the
exit of the field to be equal to unity.

4. In the presence of a magnetic field, the electrical conductivity of a gas is
reduced. This reduction is due to (@) Hall currents, or (b) ion slip.
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gestions. They are also indebted to John Lothrup and Lawrence McInnis for
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Appendix

For the experiments described in this paper, one may consider the following
special gas conditions. The degree of ionization @ = Ne/NN, is small (approxi-
mately 10-2 for most experiments), and the electron density is very nearly equal
to the ion density (cf. Lin et al. 1955). If one neglects terms involving the ratio of
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the electron mass m, to the atom and ion masses, the momentum equation for the
electrons leads to the following expression for the current in the gas
gradp,

j=Nee(V1—Ve)=0'0 W+E+VEXB ) (Al)

€

where NV, is the number density of electrons, € is the charge on the electron, v, is the
ion velocity, v, is the electron velocity, o, is the gas conductivity in the absence of
a magnetic field, p, is the electron pressure and E is the electric field. In our
experiments, E.(v; x B) = 0.

The following results, due to Schluter (1950, 1951), give the components j o,
and jp.r, of the gas currents, respectively, parallel to and perpendicular to the

(v; x B)-direction: 40, B

Jpar = T @) Tparr B, (A2)
e €
o, v;Bow, T
Jperp To_i:iw Te)ze = o-Del'Dle’ (A 3)
[
B
where W,T, = ;nvel%n—z—z o
e €

The o defined in equation (10) is just the o, of equation (A 2), and gives the
effective conductivity in (v; x B)-direction if currents are allowed to flow in the
stream direction with no external impedance.

For the end geometry experiments described in this paper currents perpendi-
cular to the (v; x B)-direction in Region 4 can close only in the boundary layer.
If no currents can flow in a direction perpendicular to v; x B, then an electro-
motive force w,7,v; x B exists in the flow direction (Schluter 1951). Also, when
the degree of ionization Ne/N , is small compared to unity, there is an additional
effect due to a relative velocity between the ions and neutral particles. For the
special case outlined in the first paragraph of this Appendix, the velocity of the
ions »; in terms of the neutral particle velocity v, is

vp= A (A4)

where w;T; 4 is the number of gyro orbits completed by the ions between collisions
(Schluter 1951). Since v, x B is the apparent electric driving force for currents,
the effective conductivity in equation (11) will be reduced by the same factor as
the electric field in the (v, x B)-direction. Hence, o = o/(1 + w;7;w,7,) which is
equation (11). Finally, the current in the (v, x B)-direction is

2 B
jpar _ {O'perp + (Tpa.!‘} {_._vi__ } . (A 5)

o-pﬂl' 1+ WrTr W T

If 0 pepp and o, are defined as in equations (A 2) and (A 3), the first factor in
equation (A 5) equals o,

Equations (A 2) and (A 3) were obtained from an analysis which neglects the
variation of collision frequency with velocity. This analysis applies very well to
the case where most of the collisions of the electrons are with neutral particles, and

20-2
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the cross-section for momentum transfer does not change appreciably with the
relative velocity between the particles.

For the experiments described in this paper, argon is sufficiently ionized so that
electron-ion collisions are the governing factor. The electron-ion collision cross-
sections are rapidly varying functions of velocity, and for these conditions the
first factor on the right-hand side of equation (A 5) differs from o,. Landshoff
(1949) has computed the transport properties of a completely ionized gas in the
presence of a magnetic field to obtain o ,, and o, as functions of w,7,. These
values have been used to compute the theoretical gas current (dashed curve in
figure 17).
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Figurk 18. Schematic diagram of Region 4 (the y-direction is perpendicular
to the plane of the drawing).

In order to estimate theimportance of currents in the flow direction for the end
geometry described in this paper, consider the following problem as illustrated in
figure 18.

In a co-ordinate system where there is no motion of the ions in the z-direction,
E, = v;, B. One may write the following expressions for the components of the
current in the inviscid flow region

jy = 2(0'perpEx+0’parEg’,)t, (A 6)
jx = 2(0—parEx+o_Del'DE1:) t. (A 7)

The boundary layer for this calculation is assumed to consist of a layer of gas
of thickness d; with no motion relative to the wall. Hence, in this layer

E,=v,B, =0,
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and the current in the z-direction becomes
E.0p005
1+wip

, (A8)

JaoB = Ea:aB Oparg =

where w,p = 0,7, in the boundary layer.
One may equate the currents in the x-direction in the inviscid region to the
current in the boundary layer. This yields the expression

B+ 05 . (A9)

E =
00595

T

Opart+
If this expression is substituted into equation (A 1) we obtain
14 To O (14w} 1 )
oy ¢ \1+wip) \1+wiy

TopOp (1 +u}
oo t \1+w?g

gy = oo Bt (A10)

1+

Since B, = vy, B, this yields the expression for j, given in equation (13) of this

paper.
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